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^-^ I Abstract. In this paper, we show that a D-type map <1> d ■ M„ -> M„ with D — {n — 2)I„ + 

^SJ , P,ri +Ptv2 induced by a pair {tti, 7r2} of permutations of (1,2,..., n) is positive if {tti, 7r2} has 

, property (C). The property (C) is characterized for {7ri,7r2}, and an easy criterion is given 

, for the case that tti — and n2 = tt', where tt is the permutation defined by 7r(i) = i + 1 

, mod n and 1 < p < q < n. 

^ i! 1. Introduction 

^ . Denote by Mm^n the set of all m x n complex matrices, and write M„.„ = M„ and A£+ 

^ . ' the set of all positive semi-definite matrices in M„. A linear map L : — > M„ is positive 

if L{M^) C M^. The study of positive maps have been the central theme for many pure 
and applied topics. For example, see O [H [9l UHl IH]. In particular, the study is pertinent 
^ ! in quantum information science research; see [H [21 HI [71 [8l [121 [I3]- So, the study of positive 

■ maps is significant. 

^ ' Suppose <I> D ■ Mn — )■ Mn is a linear map of the form 

o ■ 

^ ' (aij) I — > diag(/i, /2, fn) - (oij) (1.1) 

with (/i, /2, /n) = «225 «nn)-D for an n X n nonnegative matrix D = (dij) (i.e., 
dij > for all The map <I>/5 of the form Eq.(l.l) defined by a nonnegative matrix D is 
called a D-type map. The question of when a D-type map is positive was studied intensively 
by many authors and applied in quantum information theory to detect entangled states and 
construct entanglement witnesses (ref., for instance, [21 [13] and the references therein). 
A very interesting class of D-type maps is the class of maps constructed from permutations. 
Assume that vr is a permutation of (1,2,..., n). Recall that the permutation matrix P-,^ = 
{pij) of TT is a n X n matrix determined by 



X 
J3 



Pij 



1 \i i = 7r(j) (mod n), 
if i 7^ 7r(j) (mod n). 
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Recall also that a subset {ii, . . . ,ii} C {1,2, ... ,n} is an Z-cycle of the permutation vr if 
7r(ij) = ij^i for j = 1, . . . ,1 — 1 and vr(i;) = ii. Note that every permutation tt of (1, . . . , n) 
has a disjoint cycle decomposition vr = (7ri)(7r2) • • • (vTr), that is, there exists a set {Fs}l^i of 
disjoint cycles of tt with U^^;^Fs = {1, 2, . . . , n} such that tt^ = 7r|j7^ and 7r(i) = 7rs(i) whenever 
^ € F,. 

The positivity of I?-type maps generated by one permutation were discussed in [9j recently. 
Let vr be a permutation of {1,2, ... ,n) with disjoint cycle decomposition (vri) • • • (tTj.) such 
that the maximum length of tt/jS is equal to / > 1 and = ((Jj^^^j)) is the permutation matrix 
associated with vr. For t > 0, let ^t,TT '■ Afn Mn be the D-type map of the form in Eq.(l.l) 
with D = [n — t)In + tP^. It is shown in [9J that ^t,Tr is positive if and only if < t < j. 
Particularly, <1>^ = <I>i is always positive. 

Motivated by the above result, let us consider the -D-type maps constructed from several 
permutations. Generally speaking, <I>D,ri,...,7rj. is ^ot positive if 

Dni,...,n^ = {n- k)In + + + • • • + P^, (1.2) 

with 1 < k < n — 1. For example, take vr defined by vr(i) = i + 1 mod n and let D = 
(n — 2)In + 2Ptj,; then <l>z) is not positive by the result in |9j mentioned above. However there 
do exist D-type positive linear maps of the form <1*_d^^ with k > 1. For the permutation 
vr defined by vr(i) = i + 1 mod n, and for any l<A;<n — 1, itis known that : M„ — )• M„ 
is positive, where D = {n — k)In + + P^2 + • • • + P^k (ref. [15]). 

So it is an natural and interesting topic to study the Z?-type linear maps with D = 
D-K-i,...,-Ki, of the form Eq.(1.2) and establish positivity criteria for them. 

The purpose of this paper is to start the discussion of this topic. We introduce a concept 
of property (C) for a pair of permutations (Definition 3.2), and show that, if {vri,vr2} has 
the property (C), then the -D-type map ^d^-^ ^2 positive (Theorem 3.3 and Theorem 3.4). 
To do this, we develop some inequalities (Lemma 2.1, Lemma 2.2), which are interesting 
themselves. Furthermore, we give a necessary and sufficient condition for two permutations 
to have property (C) (Proposition 3.5). This results then applied to give some criteria of 
positivity of L>-type maps induced by pair of permutations and to construct some new positive 
D-type maps, especially from pair of permutations {vr^, vr''}, where vr is the cyclic permutation 
defined by vr(i) = i + 1 mod n. Some examples are also presented to illustrate how to use the 
criteria. 
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2. Preliminary inequalities 

In this section, we first establish two cychc hke inequahties, which arc needed to estabhsh 
the criteria for a D-type linear maps induced from a pair of permutations to be positive. 

Lemma 2.1. Let s, M be positive numbers and f{ui, U2, Um) he a function in m-variable 
defined by 

1 1 1 
f{ui,U2,...,Um) = — \ ■ h ... H ■ 

S + Ui S + U2 S + Ujn 

on the region Ui > Q with U\U2---Ujn = M"*, i = 1,2, ...,m. Then we have 

m ^ m 

(1) / has extremum values — — m m — with ^ <r <m at the points that r ofuiS 

s(s 2r-m _|_ 2r-m ) 
J— , ., ,_g2r,^ 



ffl^e ( ,-2,n--2r j (ma others are [jrm:)'^^'"^ ', 



(2) / may also achieve the extremum when m is even, at points ^ of UiS are u and 

2 

others are —, in this case we must have s = M; 

(3) sup/(ui,'U2,-,^^m) = max{^,5:^}. 

Proof. The case m = 1 is obvious. For the case that m = 2, we have U2 = — and 

f{ui,U2) = + -TmE = 54^ + = 9{ui). Letting g'{ui) = (j^j^f^ - = 0, 

Ml 

we get (M^ — s^)(nf — M^) = 0. If M ^ s, we must have ui = M and g has an extremum 
at = M with g{M) = if s = M, then g{ui) = + j^^^ = 7. Also note that 

lim„^^o5'(tti) = ^- So, meixf{ui,U2) < meix{^,j^}. 

Assume that m > 3. f approximates its supremum at the singular boundary of its domain 
or at some of its extremum values. It is obvious that if {uij,U2j, ■ ■ ■ ,Umj) converges to the 
boundary of the domain {Il^^iij = M™}, then some Ui tend to and some tend to 00. Say k 
of them tend to and m — k — r oi them tend to 00. Thus there are r nonnegative numbers 
th so that ^j-^oof{uij,U2j, . . .,Umj) = f + ELi 7^ ^ ^ ^ 

Next let us consider the extremum values of /. Let ip{ui,U2, ■■■,Um) = uiU2---Um — M"*, 
and 

L{ui,U2,...,Um,X) = f{ui,U2,...,Um) + Xip{ui, U2, Um) 

= EI^i5T^ + A(™...tx^-M-). 
By the method of Lagrange multipliers, we have the system 

—1 —1 XM^ 

^'ui = 7 — ; vi + XuiU2...Ui-iUi+i...Um = 7 — ; 7^ H = 0, (2.1) 

{S + UiY {S + UiY Ui 



i = 1,2 . . . ,m. Solving this system gives 



for i = 1,2, m. Thus, for any i,j with i ^ j, (^g^^ yi = AM"* = (^g^^.y2 which yields 



Ui[s + Uj]"^ = Uj[s + u. 



2 

i\ ■ 
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It follows that 

s^Ui + 2uiUjS + UiUj'^ = s^Uj + 2uiUjS + Ujuf, 

S^(Ui — Uj) + UiUjiUj — Ui) = 0, 
(Uj — Uj)[s'^ — UiUj] = 0. 

Hence we get 

Ui = Uj or UiUj = s^. (2-3) 

Eq.(2.3) implies that, there exists a positive integer y < r < m such that r of ui,U2, ■■■ ,Um 
are the same, denoted by u, and other m — r of them are the same, denoted by v, with uv = s^. 
Note that 

^(2r-m)g2{m-r) ^ ^r^m-r ^ ^^^^ . . . ^^^^ ^ ^2.4) 

If 2r = m (in this case m is even), then we get s'" = M"* and hence s = M. Consequently, 

/ has a possible extremum value 

m m m mu m m 

+ 



2{s + u) 2(s + ^) 2{s + u) 2s{s + u) 2s s + M 

at each point (1x1,^2,...,^^) satisfying that y of UjS are u for some u > Q and other y of 
them are — . 

u 

lim<2r < 2m, we get by Eq.(2.4) that 

= ^ and u = — — , (2.5) 

and hence / has an extremum value 



m—r 



r I m—r r ^_ j 

S+U S+V - ^ f Mm \ , f s^r \ ^iSni 

2m — 2r m rn m 

rS 2r-m J^miZJLM'^r-m y^g'lr-m 

= m ^ m = m m — 

5 '2r — m -j-M '2r — m 2i — m -\-][/[ '2r — m^ 



(2.6) 



at those points {ui,U2, ■ ■ ■ , Um) that r of -u^s equal ^ ^2(l-r-) ^ ^'^ ^'id other m — r of UjS equal 



_s2r ^ 2r- 

M" 

Note that 1 < y < r < m and 



lib lib III 

m — 1 rS'2r-m -)- (j72 — r)M2''-m (^77^ — 1 — r)s2r-m ^ (^7. _ ijM- 



S g(g2r — m -)-A^2r — m) g(52r — m -\- M 2i — m ) 

So, if r < m — 1, then we always have > ^'' ~"'.„t _ If r = m, then 

m m 



S ( S ^^^^^ + M ^'^^^ ) 



-. These, together with the cases that m is even and r 



' m—1 m 



entails that sup f{ui,U2, ■ ■ ■ , Um) < max{^^^^, -j^j^}, completeing the proof. □ 
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The following lemma is crucial for our purpose. Though we only need the special case of 
A; = 2 in this paper, we present the inequality for any A; > 1 because it may be useful to 
discussing D-type maps induced by k permutations. 

Lemma 2.2. Let s be a positive number, n,k be positive integers with s > k. Then for 
any nk positive real numbers {xhi,h = 1,2, ...,k;i = l,2,...,n,} satisfying XhiXh2---Xhn = 1 
for each h with 1 < h < k, we have 



f{xu, . . . ,Xin,X21, ■ ■ ■ ,Xkl, ■ ■ ■ ,Xkn) — J2i=l s-k+Xu+X2i+-+Xki ^2 7) 



Moreover, the extremum values of f are 



^ ris-k)^+(n-r)k^ [^] + 1 < r < n; 

{s-k)({s-k)^^+k^^) ^ (2.8) 

Sn = - if n is even, 

2 s ' 



where [t] stands for the integer part of real number t. 

Proof. The question is reduced to find the supremum of the fcn-variable function 



) Xlji , X21 , 



! X2nt 



) Xkl , 



1 Xkn ) 



S - k + Xli + X2i + ... + Xki 

1=1 



on the region x^i > with XhiXh2---Xhn = 1) h = 1,2,. . . ,k. Considering the behavior of / 
near the boundary of its domain, it is obvious that the upper bound of / near the boundary 

To find the extremum values of /, let 



■ X\n, X21 , X2n j • • • ) Xkl, Xkni 

Ai, ...Afc) 

= /(Xll, ...Xl„,X21, ...,X2n, --^Xkl, ■■■,Xkn) + Ylh=l ^h^h, 
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where = XhiXh2---Xhn ~ h = 1,2, ...k. By the method of Lagrange multiphers, we have 
the system 



LL. = 



L' 



LL 



LL 





-A;)+a;ii+a;2i+. 






-1 






-k)+X\-i_+X21 + - 






-1 






-k)+X12+X22 + - 


■+Xk2? 




-1 






-k)+X12+X22 + - 


■+Xk2V 




-1 






-k)+X\n+X2n + 






-1 






~k)+X\n+X2n + 


• ••~^Xf^ji\^ 



+ ^ = 



+ ^ = 0, 



^ = 0. 



Solving this system, one obtains that 





- ^ - 


Afc 


Xll 


X21 




>^ 


_ A2. _ 


— 


X12 


X22 


Xk2 



Ai _ A2 



2^ 



which imphes that 



(2.7) 



(2.9) 



X11X12 ...Xin a;2ia;22 ■■■X2n 



XklXk2 • • • 



(2.10) 



Now since Xh\Xh2 ■ ■ ■ ^hn = ^01 each /i = 1, 2, k, we get 

Al — A2 — . . . — Afe . 



(2.11) 



Furthermore, by Eq.(2.8) we see that 



X Xhl Xfifi 

Ah = 2 = • • • = 9 > U 

[(s - /c) + (Xll +X2I + ...+ Xkl)] [{s -k) + {Xln +X2n + ■■■+ Xkn)] 

for each /i = 1, 2, k. Therefore, we must have 



Ai — A2 — 



= Afc > 0, 



(2.11) 
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which forces, by the Eq.(2.9), that 

Xu = X2I = ■ ■ ■ = Xkl, 
Xy2 = X22 = ■■■ = Xk2, 

X\n — X2n — • • • — ^fcn- 



Let Vi = xii, z = 1,2, ...,n. Then, the question reduces to find the supremum of the function 
in n- variable 

,,11 1 

g(Vi,V2, ...,Vn) = 7—. \ h ... + 



s — k -\- kvi s — k + kv2 s — k + kvn 

on the region Vi > and V1V2 ■ ■ ■ Vn = 1. Applying Lemma 2.1 with m = n, s replaced by 
s — k, M = k and Ui = kvi, z = 1, 2, . . . n, we obtain that 

Tl — 1 Tl Tl — \ Tl 

su]ig{vi,V2, ...,fn) = max{ -, t^t) = ™^^{ T' 

s — ks — k + k s — k s 

Hence sup / = max{^^, j}. Moreover, the extremum values of / are {5r : n < 2r < 2n}, 
where 

n n 

n r{s — k)'2^-" + {n — r)k2'—" n 
dn = -, Or = ^ — — for [-J + 1 < r < n - 1, 

•5 (S - A;)((S - A;)2'--n + fc2r-n) 2 



and 



Tl 

— if n is even. 



It is easily checked by Lemma 2.1 that / achieves the extremum 6n at xu = X21 = . . . = 

, 2n — 2r 

Xk,n = 1; / achieves 6r with ^<r<n — 1 at those points that r of ViS equal (^r^) and 
other n — r of ViS equal (^-^)^''~"; and, if n is even, / achieves the extremum 6]i at those 
points that S of fjS are the same, denoted by v, and other ^ ViS are equal to , in this 



case we must have k = ^ = r. □ 

3. Criteria of positivity of D-type maps induced by two permutations 

In [9], the authors established a criterion of positivity for L>-type maps constructed from 
one permutation, and proved that : M„ — )■ M„ is positive ii D = (n — 1)I„ + P.,^, where tt 
is any permutation of {1,2, ...,n}. For those constructed from more than one permutations, 
it is known that, the D-type map with D = {n — k)In + P-kq + P-kq-^ + ••• + P-k^^ is positive, 
where '/ro(i) = i — 1 mod n [2j or 'Ko{i) = i + 1 mod n [15]. In this section we give a criterion 
of positivity of D-type linear maps constructed from pairs of general permutations. 

The following lemma comes from [9]. 
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Lemma 3.1. Suppose '■ — >■ M„ is a D-type linear map of the form 

(aij) I — y diag(/i, /2, /„) - {uij) (3.1) 

with (/i, /2, fn) = (o-u, 022, •••) 0'nn)D for annxn nonnegative matrix D = (dij) (i.e., dij > 
for all i,j). Then, is positive if and only if, for any unit vector u = {ui,U2, Unf € C*, 
we have fj{u) = J27=i d'ij\ui\'^ ^ whenever uj ^ 0, and that J2uj=/=o — ^' 

Before stating our main result, we introduce a conception of property (C) for a pair of 
permutations. 

Definition 3.2. A pair {vri, 7r2} of permutations of (1,2,..., n) is said to have property ( C) 
if, for any given z G {1, 2, . . . , n} and for any j ^ i, there exists tt^. (j) G {7ri(j), 7T2{j)} with 
hj G {1,2} such that {nhjij) : j = 1,2, . . . ,i - l,i + 1, . . . ,n} = {\,2, . . . ,i - l,i + 1, . . . ,n}. 

Let TT be the permutation of (1,2,..., n) defined by Tr{i) = i + 1 mod n. Then it is easily 
checked that, for any I < p < n — 1, {tt^, tt^"*"^} has Property (C). There are other kinds of 
examples. For instance, {7r,7r^} has the property (C) if n = 5 and 7, but does not have the 
property (C) if n = 4 and 6. 

The following is our main general result which gives a criterion of positivity for D-type 
maps induced by pair of general permutations. 

Theorem 3.3. For any two permutations tti and 1^2 of (l,2,...,n) with n > 3, let '■ 
Mn Mn be the D-type map of the form 

(aij) I — > diag(/i, /2, /„) - (oy ), 

where (/i,/2, •••,/«) = (011,022, ■■■,ann)D and D = {n - 2)/„ + P^^ + with P^^ the per- 
mutation matrix of tt^, h = 1,2. If {tti, 772} has the property (C), then is positive. 
Proof. For any unit vector x = {x\,X2, ■■■^Xnf G C*, we have 

/ \X\r X1X2 ■■■ XiXn » 



X = XX* = {xi,X2, ■■■,Xn) {xi,X2, —X, 



X2X1 IxiP ••• X2Xr, 



- — I |2 , 

y XyjXi XyiX2 . . . \^n\ J 



As D = {dij) = {n- k)In + Pm + -Pttz, we get 

n 

fji^) = Xl^iikiP = (n - 2)\xjf + + 

i=l 

Then by Lemma 3.1, <I>d is positive if the following inequality 
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holds for any unit vector x = {xi,X2, ■ ■ ■ , G C^"). 
Case 1. n > 4. 

Let us consider first the case that n > 4. Assume that all Xi ^ and let = ^^^p— , 
i = 1, 2, n; h = 1, 2. Then, UhiUh2 ■ ■ ■ Uhn = 1 for each h = 1,2, and thus, by Lemma 2.2, 
we have 

J[Xi,X2,...,Xn) - („_2)|x,p+|:E,^(,)P+|:E,^(i)P 
= 9{uil,Ui2, . . . ,Uin,U2l,U22, ■ ■ ■ ,U2n) = EILl n-2+uu+U2i 

< max{|5l,l}. 

and, as a restriction of g, the maximum of all cxtremum values of / is bounded by the 
maximum of all extremum values of g. Thus, by Lemma 2.2, we have 

Tl Tl 

max{extreme values of /} < max{l, Sr ■ r = [—] + 1, [—] + 1, . . . , n — 1}, 

where 

n n 

r{n — 2) 2r-n -\- (^fi — r)2^'—^ 



Sr = 



(n - 2)((n - 2)2r-n + 2'2r-n) 

and [t] is the integer part oft. If [§] + 1 < r < n — 2, then 



r(n-2) +(n-r)2 2F=^r 

» n 

(n-2)((n-2) +25F=H: ) 



(2r-n)(n-2)^S^ , n-r ^ r 



(n-2)((n-2)^27^+22F^) ' ""^ - n-2 

We claim that we also have Sn-i < 1. In fact, 

(n - - 2)2^^ + 22^^ (n - 2)^^ 1 

^71 — 1 n n n n ~\~ ^ ^ 1 

(n - 2)((n - 2)2r-n + 22r-n) (n - 2)2r-n + 22r-n 72-2 

if and only if 

n — 2 

V'H = ; < 2. (3.3) 

(n — 3) 1 

Let ip{t) = ln( ) = ln(t - 2) - ln(t - 3) for t > 4. Then 

(t— 3) t 

, - 4i - (2t2 - lot + 12) ln(t - 3) 

" t^t-2){t-3) • 

If t > 9, then 

f-At- (2*2 - lOi + 12) ln(t -3)<-{f- lOt + 12) ln(i - 3) < 

and hence ip{t) is decreasing on [9, oo). It follows that ip{n) = — is decreasing for 
n>9. Since 

^-(4) = 2, V(5) « 1.9793, ^(6) ~ 1.9230, ^{7) 1.8575, V(8) ~ 1.7944, -0(9) « 1.7373, 

we see that the inequality in Eq.(3.3) is true for all n > 4 and hence 6n-i < 1 holds for all 
n > 4, as desired. 
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Therefore, for any n > 4, 1 is the maximum extremum value of f{xi,X2, • • • , Xn) achieving 
■ ■ ■ ' 

In the fohowing we show that the supremum of / on the boundary of its domain \xi\'^ + 
|x2p + • • • + = 1 is not greater than 1, either. Assume that (xi,X2, • • • hes in the 
boundary of the region [xip + [a:2p + • • • + = 1; then at least one of Xi is zero. With 
no loss of generality, say Xj 7^ for i = 1, 2, . . . r, but x^+i = . . . = x„ = 0, where 1 < r < n. 
Then we have 

v^n _ 1 

If r = n — 1, by the assumption that {7ri,7r2} has the property (C), one can choose vr/i.(i) € 
{7ri(i),7r2(i)} so that {TThM}i=! = {1, 2, . . . , n - 1}. So 

„_1 If^r^^Wl^ _ 
^^*=1 1^.12 ~ 

and thus, by Lemma 2.2 with k = 1 and s = n — 1, we get 



^ v-^rt— 1 1 ^ n—1 1 



(3.4) 



If r < n — 2, then we always have 

V" — I <- ^ ^1 . ^ 

^^=1 (n-2)|a;iP + |x^j„P+|x,2(.)l' ~ ^^=1 . n^ , '"^i W l^ 1"^. W " ""^ " (3-5) 

(n-2jH — 1 .2 

The inequalities in Eqs.(3.4) and (3.5) ensure us that / is upper bounded by 1 on the 
boundary of its domain, and hence Eq.(3.2) is true for any unit vectors. Applying Lemma 
3.1, is a positive linear map for the case n > 4. 

Case 2. n = 3. 

Finally, assume that n = 3. If one of vri and ^2 is the identity, then the question reduce 
to the case of D-type maps generalized by one permutation, and hence the corresponding 
D-type map is positive by [9j. So we may assume that both vri and tt2 are not the identity. 
It is easily checked that we have four possible cases so that {711,712} has the property (C): 

{(2, 3,1), (3, 1,2)}; {(3, 2,1), (2, 1,3)}; {(3, 2, 1), (1, 3, 2)}; {(1, 3, 2), (2, 1, 3)}. 

The case {(2, 3, 1), (3, 1, 2)} is implied by the result in |15] . By Lemma 3.1, the last three 
cases induce to prove the following inequality 

1 u V 

+ ^ t + t: 7 < 1 



l + u + v 2u + l 2f + l 
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for any u,v > 0. This is true because 

(2n + l){2v + 1) + n(l + n + v){2v + 1) + + n + v){2u + 1) 
< {1 + u + v){2u + l){2v + 1) 

by 2uv < + v^. So the theorem is also true for the case n = 3, finishing the proof. □ 
It is clear that the less n is the easier to check the property (C) of {vri, 7r2}. This motivates 
us to decompose the permutations into small ones. 

For a nonempty subset F of {1, 2, ... , n}, if F is a common invariant subset of vr^s, i.e., if 
7Tfi{F) = F holds for all /i = 1, 2, . . . k, we say that F is an invariant subsets of {vri, 7r2, . . . , TTfe}. 
Obvious, there exist disjoint minimal invariant subsets Fi, F2, . . . , Fi of {vri, 7r2, . . . , VTfc} such 
that Yl[=i #Ps = n (i.e., U^^iFs = {1,2,..., ra}). We say {Fi, -F2, ■■■,Fi} is the complete 
set of minimal invariant subsets of {tti, . . . , tt^}. Thus one can reduce the set {tti, 7r2, . . . , 7rjt} 
of permutations into I sets {ttis, 7r2s, . . . , TTfesj^^]^ of small ones, where tt/js = TThlPs- It is 
easily checked that {7ri,7r2} has the property (C) if and only if each pair {7ris,7r2s} of the 
sub-permutations has the property (C). 
The following is a version of Theorem 3.3. 

Theorem 3.4. Let {FgYg^i be the complete set of minimal invariant subsets of a pair 
{7ri,7r2} of permutations of {1,2, ... ,n}. Let TTis = TfilPs- If {'^is,'^2s} has Property (C) for 
every s = 1,2, . . . ,1, then the D-type map defined as in Theorem 3.3 is positive. 

Theorem 3.3 and Theorem 3.4 give a possible way to construct new positive maps but it is 
not very clear how to check whether or not a given pair of permutations has the property (C). 
To get an insight of this, in the following, wc give a characterization of a pair of permutations 
to have property (C), which will be used to construct new positive maps in the next section. 
Note that {tti, 772} has property (C) if and only if each pair {ttis, 7T2s} on the common invariant 
subset Fg has property (C). So, to check whether or not {7ri,7r2} has property (C), we may 
assume that tti and 7r2 has no common proper invariant subsets. It is clear that, if n = 1, 
{7ri,7r2} always has property (C); if n = 2, {7ri,7r2} has property (C) if and only if one of 
7ri,7r2 is the identity and other is (1,2) — )■ (2, 1). 

Proposition 3.5. Let 7ri,7r2 be two permutations of {1,2, ... ,n) with n > 2 having no 
proper common invariant subsets. Then {7ri,7r2} has the property (C) if and only if the 
following conditions are satisfied: 

(1) For any distinguished i,j, TTi{i) 7^ Tr2ii) and {'7ri(i), 7r2(i)} 7^ {'^iij),'^2ij)}; 

(2) For any i and ji, j2 with 7ri(j2) = t^2Ui) = h if distinct js, . . . ,jm {«, Ji, J2} satisfy 
that 7r2(j3) = 7ri(ji), 712(^4) = 7ri(j3), . . . ,v;2{jm) = T^iijm-i), then 7ri(j„) 7^ 712(^2)- 
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Proof. Assume that {7ri,7r2} satisfy the conditions (l)-(2). For any i, we have to show 
that we can choose one element in TThjij) £ Wi{j):'^2{j)} for each j ^ i so that {7r^j(i),i 7^ 
i} = {1,2,... ,i - + . . ,n}. 

Case (i). z G {7ri(i), 7r2(i)}, say 7ri(i) = i, then obviousfy the choice {7ri(j) ■ j ^ i} = 
{1,2, . . . ,i - l,i + 1, . . . ,n}. 

Case (ii). i {7ri(i), 7r2(i)}. 

Let ji, ^2 such that 7ri(j2) = i = 7r2(ji). By the condition (1), wc must gave vri(ji) 7^ 7r2(j2)- 
In fact, if 7ri(ji) = 7r2(j2), then {vri(ji), 7r2(ji)} = {vri(j2), 7r2(i2)}, which contradicts to 
the condition (1). If {7ri(ji), 7r2(j2)} = {7ri(i), 7r2(i)}, then {7ri(ji), 7r2(j2)} U {7ri(j) : j 
{i, ^1,^2}} = {1, ■ ■ ■ ,i — l,i + 1, ■ ■ ■ ,n} and we finished the proof. 

Assume that {7ri(ji),7r2(i2)} 7^ {7ri(i), 7r2(i)}. 

If 7ri(ji) = 772(1) or 7r2(i2) = 7ri(i), saying 7r2(i2) = 7ri(i), then we have {7r2(j2)} U {7ri(j) : 
j ^ {hj2}} = {7ri(i) : j 7^ ^'2} = {1,2, . . . ,i — l,i + 1, . . . , n}, and then the proof is finished. 

Thus we may in the sequel assume that {7ri(ji), 7r2(j2)} H {7ri(i), 7r2(z)} = 0. Take js so 
that 7r2(i3) = 7i"i(ii). As 7ri(ji) 7^ 7r2(j2), we have js 7^ ji- Also 7r2(i3) = 7i"i(ii) 7^ 7r2(i) and 
-^2^3) = vri(ji) 7^ vr2(ji) = z ensures that J3 ^ So have js {«,Ji,j2} and by the 

condition (3), we have '7ri(j3) 7^ T72{j2)- Thus we get a set {vri(ji), 7r2(j2); 7ri(j3)} of distinct 
elements. If 7ri(j3) = 7r2(i), then {vri(ji), 7ri(j3)} U {'K2{j) ■ j ^ {«, j'l, J3} = {T^2{j) ■ j + 3\\ = 
{1, 2, . . . , i— 1, i + . . . , n} and wc finish the proof. Suppose that 7^ T72{i) and take j4 so 

that 7r2(j4) = 7ri(j3). Then J4 7^ i and j4 7^ by the previous proof. In fact, because '/r2(j3) = 
TTiOi) 7^ vri(j3), so 7r2(j3) / 71"! (J3), and ^4 / J3- As 7r2(i4) = T^iih) + -^2^2), thus we have 
34 7^ 32- Also 7r2(i4) = T^iiJs) 7^ 7ri(j2) = 7r2(ji) = i implies that J4 7^ ji. So ^4 ^ {^,^1,^2,^3} 
and by the condition (3), iriij^) 7^ 7r2(i2)- Therefore, we have iriij^) {7ri(ii), 7r2(i2), tti^s)}- 
Again, if 7ri(j4) = T^2{i), then {7ri(ji), ttiOs), 7ri(j4)} U {7r2(i) : j ^ {i,ji,j3,34} = {T^2{j) ■ 
j 7^ ji} = {1,2, . . . ,i — l,i + 1, . . . , n}, and the proof is finished. If 7ri(j4) 7^ 7r2(i), then, by 
the condition (3), 7ri(j4) 7^ 7r2(i2) and 7Ti{j4) 7^ 7r2(j'i) = i It follows that we can take ^ 
{iji,32,j3,34} such that 7r2(i5) = t^iUa), and 7ri(j5) ^ {7ri(ji), 7r2(i2), ttiOs), -7ri(i4)}- We 
continue the above process until getting jVn 

such that 7r2(jm) = 7ri(jm.-i) and 7ri(jm) = vr2(i). 
Then we get {vri(ji), 7ri(j3), . . . , vri(j„J} U {7r2(j) : j {i,Ji,j3, • • • dm}} = {-^2(3) ■ 3 + 3\} = 
{1, 2, . . . , i — 1, i + 1, . . . , n}. Hence, the conditions (1) and (2) imply {tti, 712} has Property 
(C). 

By checking the arguments above, one sees that, if any one of the conditions (1) and (3) is 
broken, then {7ri,7r2} can not have Property (C). Therefore, the conditions are also necessary. 
□ 
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By the symmetry of vri and 1x2, the condition (2) in Proposition 3.5 may be replaced by the 
fohowing 

(2') For any i and ji, j2 with 7ri(j2) = T^2{ji) = i, if distinct J3, ...,jm ^ {i,ji,j2} satisfy 
that -KliJs) = 1X2^2), 7ri(j4) = 7r2(j3), . . . ,7ri(j„) = TT2{jm-l), then 'K2{jm) / vri(ji). 

Corollary 3.6. Let 111,7:2 he permutations of [1,2, ... ,n) and let D = {n — 2)In + PT^j^+PTJ2- 
Then the D-type map is positive if for any minimal invariant subset F of {1x1,712} with 
^F > 2, {vTili?, 7r2|_F} satisfies the conditions (1) and (2) in Proposition 3.5. 

Proof. The corollary is an immediate consequence of Proposition 3.5 and Theorem 3.4. □ 

Before going to next section, we give a simple example of how to using the results in this 
section to construct new positive linear maps. 

Example 3.7. The map ^> : M5 M5 defined by 

/ 



{aij) ^ 



\ 



Sail + 055 —ai2 —ai3 

-021 2a22 + ail + 044 -^23 

-031 —132 3a33 + 022 

-041 —142 —043 

-ClSl —0,52 —0,53 



-ai4 

-024 

-034 
2a44 + 033 + 055 
—054 



-ai5 

-025 

-035 
—045 
2055 + 044 



/ 



is positive. In fact, $ is a -D-type map with D = 3/5 + Pm + Pn2y where tti and 7T2 are 
permutations of (1,2,3,4,5) determined respectively by (2,3,4,5,1) and (1,5,3,2,4). It is 
easily checked by Definition 3.2 or Proposition 3.5 that {7ri,7r2} has the property (C). Hence 
the positivity of $ follows from Theorem 3.3. We remark here that, this example is different 
from those treated in the next section. 



4. Constructing positive D-type maps from cyclic permutations 

The class of positive linear maps may detected by Theorem 3.3 is quite large, which contains 
many known positive maps of D-type such as that induced by just one permutation in [U] 
and that in [15j with k = 2. Applying the results, especially Theorem 3.3, Proposition 3.5 in 
the previous section, we construct in this section some new classes of D-type positive maps 
induced by two powers of the cyclic permutation. 

In the sequel, for any integer n > 3, we denote vr the cyclic permutation of (1,2... ,n) 
defined by 7r(i) = i + 1 mod n. Let 1 < p < q < n he two integers. Consider the D- 
type map induced by 7t'p,7t'^ with D = [n — 2)/„ -|- P^p -|- P^^q. We shall give an easily 
handled criterion for ^n,p,q = *1*_d to be positive. Note that q = n implies vr'^ = id and 
D = {n — 2)In + P-KV + PT^ri = (n — 1) In + PwP ■ So, <I>_d is positive by [9, 14J whenever q = n and 
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it is also clear that {ttP, id} has the property (C). Thus we may assume q < n in the following 
lemma. 

Lemma 4.1. Let tt be the permutation of (1,2,..., n) defined by 7r(i) = i + 1 (mod n ). For 
any 1 < p < q < n, {tt^, vr'^} has the property (C) if and only if one of the following conditions 
holds. 

{l)q-p=l. 

{2) 1 < q — p < n — 1 and if there are relatively prime positive integers k, m with m < n and 
k < q ~ p such that m{q — p) = kn, then p = n — d{q — p) for some integer 1 < d < m — 1. 
Proof. If ^ — ^? = 1, then it is clear that {'k^^'k'^} has property (C). 

So, to prove the lemma, it suffices to show that, for any p, q with l<q — p<n — 1 and 
l<p<g<n — 1, {7r^,7r*} does not have property (C) if and only if there exist relatively 
prime integers k^m with Q < k < q — p and < m < n such that m{q — p) = kn and 
p j^n — d{q — p) for any integer d with 2 < d < m — 1. By Proposition 3.5, it suffices to check 
the following two claims. 

Claim 1. {tti = 7r^,7r2 = tt^} does not satisfy the condition (1) of Proposition 3.5 if and 
only if 2{q — p) = n and p ^ n — {q — p). 

In fact, {7ri,7r2} does not meet the condition (1) of Proposition 3.5 if and only if 

i + p mod n = 7ri(i) = 7T2{j) = j + q mod n 

and 

i + q mod n = 7r2(i) = 7ri(j) = j + p mod n 

for some distinct i,j. This happens if and only ii 2{q — p) = mod n, and in turn, if and only 
ii n = 2{q — p) as q < n. It is clear that p can not he n — {q — p), because this would imply 
that q = n. 

Claim 2. {tti = 7r^,7r2 = tt^} does not satisfy the condition (2) of Proposition 3.5 if and 
only if m{q — p) = kn for some relatively prime positive integers k, m with 1 < k < q — p, 

2 < m < n, and p ^ n — d{q — p) for any 1 < d < m — 1. 

{vTi = 7r*',7r2 = tt''} docs not satisfy the condition (2) of Proposition 3.5 if and only if for 
some i, there exist distinct ji, ■ ■ ■ ,jm {i} such that vri(j2) = '/r2(ji) = i, '/r2(j3) = 7ri(ji), 
vr204) = vri(j3), . . .,'K2{jm) = T^i{jm-i) and TTiijm) = T^2{j2), and in turn, if and only if for 
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some i there exist distinct ji, . . . ,jfn ^ {i} such that 

Ji+9= j2+pniodn, 
33 + 1= ji + P mod n, 
i4 + 9 = js + P mod n, 

jm + q= jm-i + P mod n, 
32 + q= jm + P mod n. 
Summing up all equations in Eq.(4.1) we obtain that 

m{q — p) = mod n. 

Note that 2 <m < n; thus there exists positive integer k < q — p such that 

m{q — p) = kn. (4-2) 

Moreover, jh = ji — {q — p){h — 2) = j2 — {q — p){h — 1) mod n for /t = 3, 4, . . . , m. Obviously, 
ji,j2 ^ {i}- While j3,---,jm ^ {i} implies that jh ji + q = j2 + P mod n for any 
h = 3,4, . . . ,m. It is clear that jh = i = ji+Q = J2+P mod n for some jh = ji — {q—p){h—2) = 
h — iQ — p){h—l) mod n if and only if ji + g = ji — {q — p){h — 2) and j2+p = ^2 — — ?')(^ — 1); 
and in turn, if and only \{ p = n — {q — p){h — 1) = n — d{q — p) for some 2 < d < m — 1. 
So, ji, ■ ■ ■ ,jm {i} implies that p ^ n — d{q — p) for any 2 < d < m. Thus we proved that 
{vr^, TT^} does not satisfies Condition (2) of Proposition 3.6 implies that m(g — p) = kn for 
some relatively prime positive integers m, k with 1 < k < q — p, 1 < m < n, and 

p ^ n — d{q — p) for every 2 < d < m — 1. (4.3) 

Conversely, assume that Eq.(4.2) and Eq.(4.3) hold. Take any ji,j2 so that j2 — ji = q — P 
mod n. Then j2 = ji + {q — p) mod n. If m = 2, we must have 2(g — p) = n and hence 
i2 + — p) = ji + 2(g — p) = ii mod n, which gives ^2 + 9 = ji + P mod n. If m > 3, for 
3 < /i < m, let 

i?i = ji - (q - P){h - 2) = j2 -{q-p){h- 1) mod n. (4.4) 

Then j2 = + (g — p)(m — 1) mod n and hence j2 + q — P = jm mod n as (g — p)m = kn. 
This ensures that j2 + q = jm + P mod n. We claim that jh / js whenever t ^ s. In fact, it 
is clear that ji ^ j2; for 3 < /i, s < m, 

jh = js ^ ji -{q- p){h - 2) = ji -{q- p){s -2)^h = s. 

Moreover, the Eqs.(4.3) and (4.4) imply that ji, ■ ■ ■ ,jm 

^ {i}. Hence Eq.(4.2) and Eq.(4.3) 
imply that {tt^, tt'^} does not satisfies the condition (2) of Proposition 3.5. 
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(4.1) 
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Now, by Proposition 3.5, Claims 1-2 ensure that the lemma holds, completing the proof.D 
Using Lemma 4.1, the following criterion of positivity of ^n,p,g is immediate, which is very 
easily applied. 

Theorem 4.2. Let n > 3 and tt be the permutation defined by 7r(i) = i + 1 mod n. 
For any integers 1 < p < q < n, let D = (n — 2)/„ + Pj^p + Pt^q. Then the D-type map 
^n,p,q = '■ Mn — )• -M„ of the form Eq.(l.l) is positive if one of the following conditions 
holds. 

(1) q — p = 1 or q = n. 

(2) q < n, l<q— p<n — 1 and if there are relatively prime positive integers k, m with 
m < n and k < q — p such that m{q — p) = kn, then p = n — d{q — p) for some integer 
\<d<m-\. 

We remark that in general the condition q — p = ^ does not imply that q — p is a factor 
of n. For example, let n = 8, q — p = 6; then m = 3 and k = 4. If p = 8 — 6 = 2, g = 8, then 
{7r^,7r^} has property (C). But, {7r^,7r^} does not posses property (C). 

The following corollary is immediate. 

Corollary 4.3. The D-type map ^n,p,q '■ — > M„ in Theorem 4-2 is positive if any one 
of the following conditions holds. 

(1) q — p = 1 or q = n. 

(2) n is prime. 

(3) There are no relatively prime m, k with 1 < m < n and l<k<q— pso that 
m{q — p) = kn. 

(4) q — p is prime and is not a factor of n. Particularly, if q — p = 2 and n is odd. 
{b) q — p is a prime factor of n and p = d{q — p) for some 1 <d < — 2. 
Proof. The implication (1) ^ is positive is clear by Theorem 4.2. 

If (2) holds, that is, if n is prime, then there are no relative prime positive integers m < 
n,k < q — p such that m{q — p) = kn. Hence, for any 1 < p < q < n, {tt^, tt^} has property 
(C). 

(3) entails that {tt^, tt*} meets the condition (2) in Theorem 4.2 and hence ^n,p,q is positive. 

If (4) holds, that is, if g — p is prime and is not a factor of n, then n = implies 
that m = kr for some integer r and n = r{q — p), which is impossible. So {tt^jTt'^} meets the 
condition (2) of Theorem 4.2 and thus ^n,p,q is positive. 

The condition (5) implies that mi (q — p) = kn and the greatest common divisor of mi and 
/c is 1 if and only if mi = m and k = 1 as q — p is prime. As p = d{q —p) = n — {m — d){q — p), 
{tt^jTt'^} has property (C) by Lemma 4.1. □ 
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Since, in quantum information theory, an AT-qbit quantum system corresponds to a complex 
Hilbert space of dimension 2-^, the case n = 2^ is of special importance. 

Corollary 4.4. For n = 2^ with N > 2 and 1 < p < q < n, the D-type map ^2^,p,q '■ 
Mn Mn in Theorem 4.2 is positive if one of the following holds: 

(1) q — p is odd. 

(2) q-p=2'' with 1 < 6 < TV - 1 and p = for some l<d< 2^'^ - 1. 

(3) g - p = 2V with r odd and p = 2^(2^"'' - dr) for some l<d< ^'^"''"^ 

In the following we present some simple examples to illustrate how to use the results in this 
section. 

Example 4.5. For n = 5 or 7 and any 1 <p < q <n, the Z)-type maps ^b,p,q '■ M5 M5 
and ^7,p,q ■ M5 M5 are always positive. 
Observe that ^5,1,3 is of the form 

^ an a,i2 043 0,14 045 ^ 



021 022 023 ^24 025 

asi 0,32 033 034 035 

041 042 043 044 045 

051 052 053 054 055 



V 



-ai3 
-a23 
2033 + 044 + an 

-^43 
-^53 



-ai4 
-a24 

^34 

2a44 + 055 + 022 
054 



-Ctl5 
-^25 

-a35 

2a55 + an + 033 / 



/ 2aii + 022 + 0144 -ai2 

-021 2a22 + 033 + 0155 

— 031 —0132 

— 041 — 042 

— 051 —052 

which is positive by Corollary 4.3. 

It is also obvious that when n = 4, ^4,p,q is positive if g — p ^ 2; when n = 6, $6,p,g is 
positive if g — p {2, 3, 4}. 

Example 4.6. For n = 8 = 2^, and any I < p < q < 8, the -D-type map ^8,p,q : Mg ^ Mg 
is positive if one of the following is true: 

(i) g-pG {1,3,5,7}. 

(ii) g-p = 2,pG{2,4,6}. 

(iii) q-p = 4,p = 4. 

(iv) q — p = 6, p = 2. 

Example 4.7. For n = 16 = 2^, and any 1 < p < q < 16, the -D-type map $i6,p,g '■ -^16 ~^ 
M16 is positive if one of the following is true: 
(i) g-pG{l,3,5,7,9,ll,13, 15}. 
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(ii) g - p = 2 and p G {2, 4, 6, 8, 10, 12, 14}. 

(iii) q-p = 4: and p G {4, 8, 12}. 

(iv) q — p = 6 and p € {4, 10}. 

(v) q — p = 8 and p = 8. 

(vi) q — p = 10 and p = 6. 

(vii) q — p = 12 and p = 4. 

(viii) q — p = 14 and p = 2. 

Remark 4.8. The condition that {vr^, Tr*^} has property (C) in Theorem 4.2 is sufficient for 
the associated I?-type map ^n,p,q to be positive. The condition is not necessary, and thus, the 
condition in Theorem 3.3 is not necessary for $£> to be positive. For example, let us consider 
the case of n = 4. Then, {ttP, tt^} does not have property (C) if and only if p = 1, g = 3. By 
Lemma 3.1, the D-type map $4,1,3 = with D = 2/4 + + P^z is positive if and only if 

f{xuX2,X3,Xi) = h - — — + - — h - — — < 1 

2X1 +X2 + X4 2X2 +X3+X1 2X3 +X4 + X2 2X4 + X1+X3 

holds for all non-negative xi, . . . , X4 G R with xi + • • • + X4 = 1. By Lemma 2.2, all extremum 
values of /(xi, X2, X3, X4) is 1 because s = M = 2. Consider the supremum of / on the 
boundary. Assume that only one of Xj is zero, say X4 = 0; then 

/(Xi,X2,X3,0) = ■ h ' ' h 



2X1 + X2 2X2 + X3 + Xl 2X3 + X2 

with xi,X2,X3 nonzero. Consider the function 

, , 1 11 1 s 
g(s,t) = \ J- H T = \ h 



2 + s + t 2 + i 2 + i 2 + s + t 2s + 1 2t + l- 



where s > and t > 0. As 

(2s + l){2t + 1) + s(s + t + 2){2t + l) + t{s + t + 2)(2s + 1) 
= 4sH + 4st'^ + 14st + s^ + t'^ + As + At + 1, 

(2s + l){2t + l)(s + i + 2) = 4s'^t + 4st^ + 12si + 2s^ + 2t^ + 5s + 5t + 2 

and 2st < s^ + + s + 1 + 1, it is easily checked that g{s, t) = 1 — (^2s+i){2t+i){s+t+2) ^ 
So we still have /(xi, X2, X3, 0) < 1. If there are more than one Xj = 0, it is clear that 
/(xi, X2, X3, X4) < 1. Therefore, sup/(xi,X2,X3,X4) = 1 on the region xi + • • • + X4 = 1 and 
is positive. 
It is then interesting to ask 

Question 4.9. What is the necessary and sufficient condition for ^n,p,q = ■ Mn 
with D = (n — l)/„ + Pt^p + Pt^q to be positive? Where tt is the permutation defined by 
7r(i) = i + 1 mod n and 1 < p < q < n. 
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